ABSTRACT. We seek an appropriate definition for a Shimura curve of Hodge type in positive characteristics via characterizing curves in positive characteristics which are reduction of Shimura curve over C. In this paper, we study the liftablity of a curve in the moduli space of principally polarized abelian varieties over k, char k = p. We show that in the generic ordinary case, some tensor decomposition of the isocrystal associated to the family imply that this curve can be lifted to a Shimura curve.
1. INTRODUCTION 1.1. Motivation and the main result. Classical Shimura varieties are defined over number fields. As far as I know, there is no definition of Shimura varieties in positive characteristic. The theory of integral models of Shimura varieties has been developed to be the main tool to study Shimura varieties in positive characteristic. In this paper, we seek an intrinsic definition of Shimura varieties in characteristic p which guarantees that they are reductions of classical Shimura varieties.
Such a definition is not a problem for Shimura varieties of PEL type. It has been stated clearly in many references, such as [8] and [11] . Roughly, Shimura varieties of PEL type have a natural moduli interpretation: polarized abelian varieties with certain endomorphism algebras. Since the endomorphism algebra of abelian varieties can be extended to mixed characteristic, we can state the moduli problem over a field of positive characteristic as well and take the solution to be the PEL type Shimura varieties in characteristic p.
However, for Shimura varieties of Hodge type, we can not use the same strategy. Though it also has a natural moduli interpretation, without assuming Hodge conjecture, the Hodge cycles involved in the moduli problem may not be algebraic and they have no natural translation to positive characteristic. Via the work of Kisin [7] , we are able to define the integral canonical model of Shimura varieties of Hodge type and also a universal family over the integral model. So a natural candidate for the definition should be the reduction of an integral canonical model at a prime p. The disadvantage is that this definition is not intrinsic in characteristic p. Our goal is to find a characterization in positive characteristic of such a reduction which can serve as an intrinsic definition. We mainly focus on a remarkable example constructed by Mumford.
Mumford gives a countably many moduli functors of abelian fourfolds in [13] , whose Shimura datum is given via the corestriction of an quaternion algebra over a cubic totally real field. In [17] , Viehweg and Zuo generalize the construction. One can consider a quaternion division algebra D defined over any totally real number field F of degree m + 1 over Q, which is ramified at all infinite places except one and Cor F/Q (D) = M 2 m+1 (Q). Then we obtain the following types of moduli functors of abelian varieties with special Mumford-Tate group Q = {x ∈ D * |xx = 1}.
With suitable level structures, the resultant Shimura curves M is proper and smooth which we call them Mumford curves. Since the level structure is not fixed, Mumford curves stand for a class of possible base curves, two of which have a common finite etale covering. Via Theorem 0.5 in [17] and Theorem 0.9 in [12] , the Mumford curves play an important role among Shimura curves of Hodge type.
1.5. Structure of the paper. In Section 2 and 3, we introduce the basic notions involved in 1.3.
In Section 4, we show that some good reductions of Mumford curves satisfy all three conditions in 1.3.
In Section 5, we study the F -crystal structure of E. The irreducibility of all V i implies a tensor decomposition of the Frobenius F of E. Then each V i has an F f -isocrystal structure for some integer f . Since C intersects with the ordinary locus, the Newton slopes of V i are {0, f }, {0, 0}, · · · , {0, 0}, respectively. Assume V 1 is the ordinary one, and then we show that F descends to V 1 . So V 1 is actually a generically ordinary F -crystal. And the tensor V 2 ⊗ V 3 ⊗ · · · V m+1 is a unit root crystal. Then the isomorphism in (2) of 1.3 is an isogeny between Dieudonne crystals:
By 3.4, the isogeny ψ induces an isogeny between abelian schemes over C:
is the Dieudonne crystal associated to Y . Let G be the BT group corresponding to V 1 .
In Section 6, we prove the second part of 1.3, i.e. the case with maximal Higgs field. By a theorem in [19] and changing of coordinates, we can show Y −→ C has the maximal Higgs field. Then by 6.15, Y −→ C is a good reduction of a Mumford curve.
In Section 7, we prove the first part, i.e. the non-maximal Higgs field case. The family Y −→ C induces a morphism φ : C −→ A 2 m ,d,n ⊗ k. Then Theorem 7.1 shows that im φ is a curve over which the universal family has the maximal Higgs field. Thus by 6.15 im φ is a reduction of a special curve in A 2 m ,d,n ⊗ C. Then the first part of 1.3 follows from 7.3.
SHIMURA CURVES OF MUMFORD TYPE
In this section, we briefly state the definition of Shimura curves of Mumford type. Let S be the Weil restriction of scalar Res C/R . A Shimura datum (G, X) consists of a reductive group G defined over Q and a G(R)−conjugate class X of a cocharacter h : S −→ G R such that
(1) For any h in X, the Lie algebra g of G R , viewed as a conjugation representation of S via h, has the type (1, −1), (0, 0) and (−1, 1). (2) The adjoint action of h(i) induces a Cartan involution on the adjoint group of G R . (3) The adjoint group of G R does not have a factor H defined over Q such that the projection of h on H is trivial.
For any sufficiently small compact open subgroup K of G(A f ),
is a complex algebraic variety. Take the inverse limit over K and the resulting inverse system is called a Shimura variety. A large class of Shimura varieties admits an interpretation in terms of moduli of certain polarized abelian varieties. For instance, Shimura varieties of PEL type parametrize polarized abelian varieties with a prescribed endomorphism ring. In such a class, we can take the moduli description as an equivalent definition of Shimura varieties.
In [14] , Mumford defines a class of Shimura varieties to be the moduli scheme of polarized abelian varieties (up to isogeny) whose Hodge groups are contained in a prescribed MumfordTate group. We call this class Shimura varieties of Hodge type which contains PEL type.
2.1. Shimura curve of Mumford type over C. Let K be a totally real field of degree m + 1 and D be a quaternion division algebra over K which splits only at one real place and
Let¯be the standard involution of D, and let
Then Q is a simple algebraic group over Q which is the Q−form of the real algebraic group
. Then V C is the tensor of m + 1 copies of standard representation C 2 of SL(2, C):
Then (Q, h) defines a Shimura datum. So is (ρ(Q), ρ • h). Generically ρ(Q) is the Hodge group of V .
Let stab(h) ⊂ Q R be the stabilizer of h. Then stab(h) is a maximal compact subgroup of Q R and hence congruent to
Let Γ ⊂ Q R be an arithmetic subgroup such that Γ acts freely and properly discontinuous on h. Note ker ρ ⊂ Z(Q) and then it fixes h, Γ ֒→ ρ(Q(R)).
We call the Shimura curves corresponding to the datum (Q, h) the Shimura curves of Mumford type (or Mumford curves, for simplicity). If we don't specify level structures, Mumford curves mean a family of Shimura curves, any morphism between two of which is finite and etale.
By [17] , we know any family of polarized abelian varieties over a smooth proper curve with maximal Higgs field is a Mumford curve, up to taking powers and isogeny. Combining with following theorem, we know that in order to define any Shimura curves of Hodge type in positive characteristic, it is necessary to define Mumford curve in char p. 
THE CRYSTALS ASSOCIATED TO A BARSOTTI-TATE GROUP
We explain the concepts involved in 1.3 and state some results on crystals, Barsotti-Tate groups and Tannakian categories which we will use later.
3.1. The curve C/k in 1.3 has a natural crystalline site cris(C/W (k)), induced from (k, W (k), p). The higher direct image E = R 1 π cris, * (O X ) of the abelian scheme π : X −→ C is a crystal in locally free sheaves. 
In particular, E is a Dieudonne crystal.
Choose an arbitrary liftingC of C to W (k). The category of crystals in locally free sheaves in cris(C/W (k)) is equivalent to the category of vector bundles with an integrable connection onC. In particular, choosing an open affine subset U ⊂ C and a liftingŨ of U , we have a lifting of Frobeniusσ overŨ .
In the rest of the paper, by crystal, we mean a crystal in locally free sheaves. Therefore an F -isocrystal on cris(U/W (k)) corresponds to a triple (M, ∇, F ), a sheaf of module onŨ with an integrable connection and Frobenius F : Mσ −→ M .
3.3.
A Barsotti-Tate (BT) group G over C is a p−divisible, p−torsion and the p−kernel is a finite locally free group scheme.
In the context of the Theorem 1.3, E = D(X[p ∞ ]) and the filtration on E C is just the Hodge filtration of X/C: ω = π * Ω X/C , α = R 1 π * (O X ). In particular, E C has the Gauss-Manin connection and it induces a O C −linear map, called Higgs field:
which is related to Kodaira-Spencer map. The Higgs field can be defined in alternative ways: one can use ω
C . The other is from the long exact sequence of
and the boundary map 
Theorem 3.7. ( [3, Theorem 2.11]) For any Tannakian category T , there exists an
Note different from ( [15, VI 3.1.1, 3.2.1]), Isocris(C) denotes just the isocrystals, not the Fisocrystals. So G univ is an affine group scheme over B(k).
We will need another result later.
Proposition 3.9. For any Tannakian category T and W, V ∈ T , let < W > denote the Tannakian subcategory generated by W , with Tannakian group
So the map is injective.
EXAMPLE
In this section, we show that some good reductions of Mumford curves satisfy the conditions in 1.3. This is the main theorem in [18] . 
The Frobenius is a morphism permuting V i . Specifically, there exists a permutation s ∈ S m , rank 1 crystals L i with ⊗ i L i ∼ = O C and isomorphisms (1) and (2) in 1.3.
For condition (3), by 2.2, the universal family over a Shimura curve of Hodge type has maximal Higgs field, and hence the Higgs field of the special fiber X/C is also maximal.
THE STRUCTURE OF E AS CRYSTALS
In this section, we choose an F -crystal model of
is a morphism in the category of isocrystals.
By condition (2) in 1.3, each V i is irreducible as isocrystals. Let H i be the Tannakian group associated to V i in Rep(G univ ). Proof. Since V i are all irreducible isocrystals, each of the group H i admits a faithful irreducible representation of dimension 2. Thereby H i is a reductive group over B(k). Base change toB(k), H i ⊗B(k) must be a central extension of SL(2,B(k)). Since H i ֒→ GL(2, B(k)) and the field extension is faithfully flat, H i is SL(2, B(k)) × µ m or GL(2, B(k)).
Since X −→ C is principally polarized, we have E ∼ = E ∨ up to some twist. Thereby as representations,
As an irreducible representation of SL (2) (2) and L i an irreducible representation of µ m . Thus we can adjust each V i such that
Since E is irreducible, ⊗V i corresponds to an irreducible SL(2) ×m+1 × µ m −representation. Then we can modify the proof of Proposition 6.3 in [18] in this case and obtain a similar result: there exist
We can find an f such that s f = Id. Then F f can be decomposed to the tensor product of φ
By condition (1) of 1.3, as an F f −isocrystal, E has generic slopes {0 × 2 m , f × 2 m }.
Lemma 5.3. Generically, the slopes of V i are all {0, 0} except one {0, f }.
Proof. Use V i,η to denote the restriction of V i to the crystalline site cris(W (η − )/η − ) where η − is the geometric generic point. Then slopes of
we can compute directly the slopes of each V i . For notational simplicity, here we just show the case m = 2.
Further, we could assume the slopes of each V i are non-negative. Then the slopes of E are
If Without loss of generality, assume s(1) = 1. Then φ 1 :
Replace V 1 by V 1 ⊗ L ′ and let us still denote it as V 1 . Therefore
Since E is further a Dieudonne crystal, the Verschiebung V also can be decomposed to V 1 ⊗ V 2 where both of
Since all the slopes of V i are nonnegative, we can choose an F f −crystal model for each V i ( see Appendix A). Since as an F -isocrystal, V 1 has slopes {0, 1}, there exists
Thereby we can choose the descent of Frobenius and Verschiebung so that V 1 is a Dieudonne crystal. For simplicity, we still denote the corresponding crystal as V i . Though the isomorphism in 1.3 (2) may not be true in the level of crystals, we still can choose
injectively between F -crystals and ψ[ 1 p ] is the isomorphism. Multiplying some power of p if necessary, we can assume ψ mod p is not zero and E/im ψ is p−torsion. From the information of the slopes, we have V 1 is generically ordinary and V 2 ⊗ V 3 · · · ⊗ V m+1 is a unit root F -crystal. For simplicity, we use T to denote the F -crystal V 2 ⊗ V 3 · · · ⊗ V m+1 in the rest of the paper.
Remark 5.5. We observe that if we change the condition (2) in 1.3 to the following E ∼ = V 1 ⊗ · · · ⊗ V m+1 as F f −isocrystals for some integers f where V i are all irreducible of rank 2, and further, X −→ C is defined over a finite field, then we can consider the (neutral) Tannakian category of F f −isocrystals instead of isocrystals. Mimic the above arguments and we can achieve the identical result that E is isogenous to a tensor decomposition of V ⊗ T .
MAXIMAL HIGGS FIELD
In this section, we prove the second part of 1.3, the case that X −→ C has maximal Higgs field. By 3.4, V 1 corresponds to a BT group over C. In particular, it admits a Hodge filtration:
Since T is a unit root crystal, the Hodge filtration is trivial. Therefore the Hodge filtration of the Dieudonne crystal
The associated Higgs field θ ′ is θ 1 ⊗ id T where θ 1 is the Higgs field of V 1 .
6.1. Hodge and conjugate filtrations. For any Dieudonne crystal F over cris(C/W (k)), F C admits two filtrations: Hodge filtration and conjugation filtration. The relation between the two filtrations is shown in [2, Proposition 2.5.2]: conjugation filtration is given by the kernel of F C :
C , which the Frobenius pullback of the Hodge filtration ω ⊂ F. Since the isogeny ψ : V 1 ⊗ · · · ⊗ V m+1 −→ E is compatible with the Frobenius, ψ induces actually a morphism between Hodge filtrations:
Similarly, ψ C also preserves the conjugate filtration:
Further, since ψ preserves the connections, it induces a morphism between Higgs fields.
Lemma 6.2. The Hodge and conjugate filtrations of E induce a morphism α (p) −→ α which is generically surjective over C.
Proof. Combine the two filtrations in one diagram:
For any x ∈ C, let the stalk α (p)
x generate by {a 1 ⊗ 1, · · · , a 2 m ⊗ 1} where a i ∈ α x . Since ∇(a i ⊗ 1) = 0 and the Higgs field is maximal, l(a i ⊗ 1) are linearly independent in α x . Otherwise, some section a ⊗ 1 is a local section of ω and due to maximal Higgs field, any local section of ω is not horizontal, contradiction. Therefore a i ⊗ 1 generate the stalk α x generically. Therefore l is generically surjective.
The Higgs field is nonzero. Lemma 6.4. If Higgs field θ
Proof. We prove it by contradiction. Consider the Hodge and conjugate filtration of (V 1 ) C :
. Choose any open affine subset U ⊂ C over which L 1 is free. Let t be a generator of L 1 over U . Then if l(t) = 0, then F (t) ∈ L 1 (U ). Since ψ 1 = 0, then for any section s ∈ T (U ), ψ(t ⊗ s) = 0. However, ψ(t ⊗ s) = ψ (p) 2 (t ⊗ s) and hence ψ 2 is zero over U . Since im ψ 2 is torsion-free, ψ 2 = 0 globally, contradiction. Thereby l is injective and it induces an injection
It implies Y is everywhere ordinary over C. However, C is proper which can not be contained in the ordinary locus of A 2 m ,1,k .
Since deg(V 1 ) C = 0, we have deg L 1 = 0 as well. : V ⊗ T −→ E is a well defined morphism. Since 
After a finite steps, the degree of the sub line bundle from the Hodge filtration is no longer divisible by p and hence the Gauss Manin connection no longer preserves the Hodge filtration. The Higgs field is therefore nonzero. Then we can assume V ⊗ T with nontrivial Higgs field θ = θ V ⊗ id T .
6.7. The Higgs field is maximal. In the following, we will show the Higgs field θ of V ⊗ T is isomorphic. Let 0 −→ L −→ (V) C −→ L ′ −→ 0 be the Hodge filtration of (V) C . By 3.4, the Dieudonne crystal V ⊗ T corresponds to a BT group G ⊗ U over C where G is a height 2, generically ordinary BT group with nontrivial Kodaira Spencer map and U is a height 2 m etale BT group. The BT groups associated to V ⊗ T and E are isogenous and therefore G ⊗ U also comes from an abelian scheme Y over C which is isogenous to X. Let
Then K is a finite flat group scheme. Let Proof. Let H be a nontrivial subgroup scheme of G n,η . We can reduce n so that H is not contained in G n−1 .
Then H has a nontrivial image in G 1,η which is flat (over the field). By [19, Proposition 2.5.2], this image contains µ p . Note p n−1 is an endomorphism of H. Thus µ p ⊂ H.
Now we prove that
The key observation is that since dim Lie K ≤ 2 m − 1( see the proof of Theorem 6.11), by changing of coordinates, we can make K η be contained in the product of first three factors
Since the group schemes are defined over a field, we may assume the multiplicative part is isomorphic to µ p n , the etale part isomorphic to Z/p n Z. Since over a field, all the group scheme involved are automatically flat. We start with the following proposition Proposition 6.9. Over k, for any n, if H is a subgroup of µ 
is surjective. Thus we can apply some automorphism of µ
to implement the coordinate change so that we can make p k−1 K 2 m be exactly the product of first h factors µ ×h p . Consider the following diagram
Proof. Since the Higgs field θ 1 is nonzero by 6.6, f : Y −→ X induces a nonzero map on the tangent bundles. Thereby the dimension of Lie K is at most 2 m − 1. By 6.9 and 6.10, we can assume
. Let pr 2 m be the projection G ×2 m n,η −→ G n,η to the 2 m factor and K 2 m be the kernel of the restriction of pr 2 m :
On the other hand, it is also a subgroup of G[p n ] η . By 6.8, if it is nontrivial, µ p ⊂ K η /K 2 m , contradiction to etale. Thus K η = K 2 m and im pr 2 m is trivial. Proposition 6.12. As subgroup schemes of G ×2 m , we can change the coordinates so that
Proof. By 6.11, since 
We have known that θ is not zero. Since
, over each fiber of C, θ is either zero or an isomorphism. It suffices to show f * is nonzero over each fiber.
Consider the composition
over C where the first arrow is the embedding to the fourth factor. By 6.12, this composition is injective. Therefore im f contains a generically ordinary height 2 BT n subgroup of X[p ∞ ] over C. Such G n provides nonzero elements in im f * over each fiber. The last step is based on Serre-Tate theory. For a given ring R and an ideal I ⊂ R, let R 0 = R/I. Write AS(R) for the category of abelian schemes over R and write BT −Def(R 0 , R) for the category of triples (A 0 , G, α) where A 0 is an abelian scheme over R 0 , G is a BT group over R and α is an isomorphism α : To show theC is a Mumford curve, we use Theorem 0.5 in [17] . The family in our case is smooth so that there is no unitary part. Maximal Higgs field implies the family reaches the Arakelov bound. Apply the above theorem and we haveỸ −→C is isogenous to a Mumford curve. In particular, the generic fiber (Ỹ −→C) ⊗ C is a Shimura curve (with a universal family). From 6.16, there can be more than one copy of Mumford curve Z appearing in the decomposition ofỸ . Therefore (Ỹ −→C) ⊗ C is a Mumford curve.
It finishes the proof of the case with maximal Higgs field.
WITHOUT MAXIMAL HIGGS FIELD
In this part, we will prove without maximal Higgs field, X −→ C is a weak Shimura curve over k. Note the arguments before 6.7 still hold for the non-maximal Higgs field case. So E can be decomposed to the tensor product V ⊗ T with V a rank 2 Dieudonne crystal and T a rank 2 m unit root crystal. Equivalently, there exists a family of abelian varieties Y −→ C such that
where G is a height 2 BT group and H is a height 2 m etale BT group. And the family Y −→ C induces a morphism φ :
Let us introduce the categories C andĈ, following [16] . The objects of C are the artinian local algebras R such that R/m R ∼ = k. The morphisms in C are the homomorphisms of algebras. ThenĈ is defined as the category of complete noetherian local algebras R such that R/m i R is in C for all i. Again the morphisms are just the homomorphisms of algebras. Notice that C is a full subcategory inĈ. We consider the R inĈ with their m R −adic topology; for R in C this is just the discrete topology.
For any scheme Z 0 over k, we define a formal deformation functor Def Z 0 : C −→ Sets, given by Def Z 0 (R) = isomorphism classes of pairs (Z, ψ), where Z is an scheme over Spec R and ψ is an isomorphism ψ :
In particular, we can define deformation functor Def X 0 ,λ for an abelian scheme X 0 and its polarization λ. And we can extend these deformation functors to the categoryĈ by defining Def * (R) as the projective limit of the Def * (R/m i R ).
Note the functor Def X 0 is isomorphic to Hom(T p X 0 ⊗ T p X t 0 ,Ĝ m ) and the functor Def (X 0 ,λ) is represented by the formal completion of A g,d,n at X 0 which is a subformal torus of Hom(T p X 0 ⊗ T p X t 0 ,Ĝ m ). Proof. Since Y −→ C is not isotrivial, the morphism φ is not a point. Then the Higgs field of im φ is not zero. For any closed point c ∈ C, let G c be the restriction of the height 2 BT group G to the point c. Since Y is not isotrivial, im (SpecÔ C,c −→ Def Gc ) has dimension ≥ 1. By [5] , the local formal deformation space Def Gc over k is one-dimensional and isomorphic to k [[t] ]. We know SpecÔ C,c −→ Def Gc is a surjection.
Let λ be a polarization on Y c . Then Y c has two deformation spaces Def Yc and Def Yc,λ . And there exists a natural embedding Def (Yc,λ) −→ Def Yc .
Since
Serre-Tate theory(6.14), a deformation of G c induces deformation of Y c . Thereby we have a morphism between local deformation space Def(G c ) −→ Def(Y c ) which is a local embedding.
Consider
7.4. The isogeny scheme. Let Isog g be the moduli stack of isogenies between polarized abelian schemes of relative dimension g, so that for an arbitrary base S, Isog g (S) is the category in groupoids whose objects are the isogenies φ : A 1 −→ A 2 over S between polarized abelian schemes (A 1 −→ S, λ 1 ) and (A 2 −→ S, λ 2 ) of relative dimension g such that φ * λ 2 = p e .λ 1 for some e ∈ N. Here we do not require A i to be principally polarized. Assigning φ to its source(resp. target) defines a morphism pr 1 :Isog g −→ A g,d (resp. pr 2 :Isog g −→ A g,d ′ ). Bounding the degree of the isogeny gives a substack of Isog g . We write Isog(p l ) for the stack of p−isogenies of degree less than or equal to p l which is of finite type over A g,d .
As a variant, we can take level structure into account. Choose an integer n > 3 and consider A g,d,n . Making isogenies compatible with level structures, we obtain a scheme Isog(p l ) over A g,d,n × A g,d ′ ,n . To keep notations easy, we omit the subscripts n.
Let Isog o (p l ) g (resp. A o g,d ) denote the ordinary locus of Isog g (p l ) (resp. A g,d ) over any base. We need the following result to prove 7.3. To ease the notations, we do not write the bound of the degree p l . Let η (resp. ξ) be a closed point in A g,1 (resp. Isog g ) with stalk A η (resp. B ξ ) and assume pr(ξ) = η. Since both A η and B ξ are local rings, by local criterion of flatness, it suffices to show the image of A η in B ξ contains no zerodivisor. Then we can assume A η and B ξ are complete with respect to the maximal ideals.
Let t be any element in the image of A η and q be a minimal point in the zero set V (t) ⊂ Spec B ξ . Then htq ≤ 1. Let p = q ∩ A η .
On the one hand, t is a zerodivisor if and only if ht q = 0. On the other hand, for the principally polarized abelian variety X defined over Spec (A η ) p and an isogeny g : X ⊗ k −→ Y over the special fiber of Spec (A η ) p . Let K = ker g and thus ( 6.14) , the abelian variety Y can be lifted to a formal abelian scheme over Spf(A η ) p . Since Y is principally polarized, any polarization on Y can be lifted due to the uniqueness of the lifting of Y . Thus the isogeny ψ can be lifted.
Therefore the image of Spec (B ξ ) q −→ Spec (A η ) p is not just the special fiber, i.e. ht(q) > 0. So pr is flat over the point Y .
Remark 7.6. In the proof of 7.5, the principal polarization is only used in the last step, i.e. to lift the polarization. Therefore, if X is principally polarized and the polarization λ Y satisfies 
